Abstract. We prove that for any smooth projective surface X, the functor
Introduction.
Stability conditions on triangulated categories were introduced by Bridgeland ([Bri07] ) who also constructed the first family of nontrivial examples for K3 surfaces ( [Bri08] ). In [AB13] Arcara and Bertram extended these examples for an arbitrary smooth projective surface. [AB13] also provides us with a new perspective, by studying the variation of a particular family of stability conditions on a simple K3 surface (X, H) for a particular topological type the authors construct a sequence of birational transformations for the blow up of the complete linear series |H| along X flipping the "secant" varieties of X.
The wall-crossing phenomena was studied in [ABCH13] for the Hilbert scheme of points on P 2 where it was indicated that varying the family of stability conditions introduced in [AB13] for the topological type (1, 0, −n) corresponds to running a directed MMP on Hilb n (P 2 ). This was proven in [BMW13] for any del Pezzo surface and a primitive topological type.
The aim of this paper is to interpret another "classical" problem in algebraic geometry in terms of Bridgeland stability conditions. In [Mai10b] M. Maican proves that the map F → E xt n−1 (F , ω P n ) induces an isomorphism between the moduli spaces N P n (r, χ) and N P n (r, −χ) of Gieseker semistable sheaves with Hilbert polynomials P = rm + χ and P D = rm − χ respectively. The moduli spaces N X (r, χ) were constructed by C. Simpson [Sim94] for any smooth projective surface via invariant theory and they were proved to be projective so one could ask whether Maican's result extends to any surface. We prove this by identifying N X (r, χ) with a moduli space of Bridgeland semistable objects on X. The main result is 
and its corollary
Corollary (Corollary 3.3). There is an isomorphism N X ([C], χ) ∼ = N X ([C], −χ) mapping the S-equivalence class of a sheaf F to the S-equivalence class of E xt 1 (F , ω X ).
In a latter paper [Mai12] , Maican constructs cohomological stratifications of the Gieseker moduli N P 2 (6, χ). Using those strata we can get exceptional loci for birational transformations of N P 2 (6, χ) as it was done in [BMW13] for N (4, 2) and N (5, 0). However, there is no bijective correspondence between the cohomological strata and the Bridgeland walls, as shown in [CC13] for the case of N (6, 1) a cohomological strata may be object of several contractions when running the MMP, giving rise to several Bridgeland walls. Nevertheless, when χ = 0 we can identify all rank-1 walls even when Maican-type stratifications are unknown. In this case, by restricting the Bridgeland wall-crossing on a suitable subvariety of a model of N (d, 0) (d odd), and following the spirit of [AB13] , we construct a sequence of flips for the blow-up of the linear series |O(d − 3)| along the Veronese surface, the first of these flips coincide with the one constructed by Vermeire in [Ver01] .
Notation. Other than specified we will use the following standard notation:
• R(z), I(z) denote the real and imaginary parts of the complex number z.
• D b (X) is the bounded derived category of X.
• We use H i (·) to denote the cohomology sheaves of an object in the derived category and H i (·) for the cohomology groups of a sheaf.
• For a smooth projective surface X, the topological type v ∈ Z⊕N S(X)⊕ 1 2 Z of an object E ∈ D b (X) is its Chern character vector.
• M H (v) denotes the moduli space of Gieseker semistable sheaves of topological type v with respect to the polarization H ∈ P icX.
• M s,t (v) denotes the Bridgeland moduli space of µ s,t -semistable objects of topological type v.
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Preliminares
We assume familiarity with the concept of stability conditions introduced by Bridgeland [Bri07] . We quote here the relevant theorems and definitions but for a more detailed presentation the unfamiliar reader is encouraged to consult Bridgeland's original papers [Bri07] , [Bri08] , or the introduction to the topic by D. Huybrechts [Huy11] .
Let X be a smooth projective variety. Definition 2.1. A pre-stability condition on X is a pair (Z, A) consisting of a linear function Z : K(X) → C called the charge and the heart A of a t-structure on D b (X), such that:
For every pre-stability condition one can define a slope function
which gives us a notion of (semi)stability: an object E ∈ A is said to be Z-(semi)stable if for any inclusion A ֒→ E of objects in A one has
Definition 2.2. A pre-stability condition (Z, A) is a stability condition if it has the Harder-Narasimhan property:
• Every nonzero object E ∈ A admits a finite filtration in A
uniquely determined by the property that each quotient
Example. If X = C is a smooth projective curve then ordinary degree and rank of coherent sheaves give a stability condition on A = D b (CohC):
However when X is a surface this is not the case. One can still define a Mumford slope (with respect to some polarization H):
but this does not come from any stability condition on CohX since c 1 (C p ) = rk(C p ) = 0. However, it is true that every coherent sheaf E has a filtration
such that E 0 is the torsion subsheaf of E and for every i > 0, the factors E i /E i−1 are semistable of degreasing slopes. We set µ max = µ H (E 1 /E 0 ) and µ min = µ H (E/E n−1 ).
Let σ = (Z, A) be a stability condition on X. For any nonzero object E ∈ A one can write Z(E) = |Z(E)|e π √ −1φ for a unique φ ∈ (0, 1]. We say that E has phase φ. For every φ ∈ (0, 1] we denote by P(φ) the subcategory consisting of σ-semistable objects of phase φ. Inductively one can define P(φ + 1) := P(φ) [1] . For a bounded interval I ⊂ R we denote P(I) the subcategory extension-generated by σ-semistable objects of phase in the interval I. For instance, P(0, 1] = A.
One can define (semi)stability in terms of phase just by declaring an object E to be (semi)stable if every subobject has (smaller)strictly smaller phase. This is equivalent to the definition using slopes since for an object E ∈ A of phase φ one has
An easy but important consequence of the definition of stability is Proposition 2.3 (Schur's lemma). Let σ = (Z, A) be a stability condition.
(a) If E is σ-stable then Hom(E, E) = C.
(b) If A, B are different σ-stable objects of the same phase then Hom(A, B) = 0.
(c) If A ∈ P(φ 1 ), B ∈ P(φ 2 ) with φ 1 > φ 2 then Hom(A, B) = 0.
Let E ∈ P(φ). A finite Jordan-Holder filtration of E is a chain Definition 2.4. A stability condition is called locally finite if there is some δ > 0 such that each quasi-abelian category P(φ − δ, φ + δ) is of finite length. For a locally finite stability condition the categories P(φ) have finite length. In particular, every semistable object has a finite Jordan-Holder filtration.
Definition 2.5. Let σ be a locally finite stability condition. Two objects A, B ∈ P(φ) are called S-equivalent if they have isomorphic stable factors.
Definition 2.6. [AP06] . Let S be a scheme of finite type over C. A family of objects in A parametrized by S is an object E ∈ D b (X × S) such that for every closed point s ∈ S we have
2.1. Stability conditions on P 2 . . As we explained before, the standard rank and degree of a coherent sheaf do not define a stability condition on any surface. A large class of examples of stability conditions on surfaces were constructed by Bridgeland [Bri08] in the case of K3 surfaces and generalized by Arcara-Bertram [AB13] for any smooth projective surface. The idea is to define a nice subcategory of
where some generalized rank and degree functions form good stability functions giving actual stability conditions. Fix a very ample line bundle ω ∈ P ic(X). One defines, for every s ∈ R, the full subcategories:
• Q s = {E ∈ Coh(X) : E is torsion or µ min > s}, • F s = {E ∈ Coh(X) : E torsion-free and µ max ≤ s}.
The subcategories Q s , F s are full and (Q s , F s ) is a torsion pair, i.e.,
• Hom(Q, F ) = 0 for all Q ∈ Q s , F ∈ F s .
• Every coherent sheaf E fits into an exact sequence
for some Q ∈ Q s , F ∈ F s . This short exact sequence is unique up to isomorphisms of extensions.
By general theory of torsion pairs we know that the extension closure of Q s ,
is the heart of a t-structure, more precisely it is the full subcategory
is the charge of a locally finite stability condition on A s .
We now concentrate in the case X = P 2 , in this case (Picard number 1) one can treat ch(E) as a vector with numerical entries. Choosing ω = H the hyperplane class, and β = sH the central charge takes the form
One of the most important results in [ABCH13] is the following:
). There are projective coarse moduli spaces M s,t (v) classifying S-equivalence classes of families of Z s,t -semistable objects in A s of topological type v.
The idea is to identify (s, t)-stability with quiver stability. Let k ∈ Z and consider the extension closure
the vector n = (n 0 , n 1 , n 2 ) is its dimension vector. Let a be a vector orthogonal to n. An object of dimension vector n is said to be quiver (semi)stable with respect to a if for any subcomplex in A(k) of dimension vector n ′ one has n ′ ·m(≥) > 0.
Moduli spaces of quiver semistable complexes of fixed dimension vector with respect to a fixed polarization have a construction via GIT given in [Kin94] . [ABCH13, Proposition 7.3] shows that for every (s, t) in the region
there exists a choice of a polarization a s,t such that moduli spaces of (s, t)-stable objects are isomorphic to moduli spaces of stable objects in A(k) with respect to a s,t . The potential walls foliate the (s, t) plane and every potential wall intersects one of the quiver regions above, then since the moduli of stable objects remains unchanged along every potential wall one has that for every (s, t) and every choice of invariants the moduli spaces M s,t (v) are projective and may be constructed by GIT.
The change from Chern classes to dimension vectors is given by the matrix
2. Wall and chamber structure. It was proven by Bridgeland [Bri07] that the set of locally finite stability conditions has the structure of a complex manifold, the local charts given by sending a stability condition to its central charge in Hom(K(X), C). Moreover, for each chern character vector ch there is a locally finite collection of (real) codimension 1 subvarieties of the stability manifold called walls. Every connected component of the complement of the walls is called a chamber. Roughly speaking, a stability condition σ = (Z, A) is on a wall if there is an object E ∈ A that is semistable for σ, it is stable for stability conditions in some chamber and unstable for stability conditions on another.
In the case of P 2 and the stability conditions (Z s,t , A s ), a wall for a chern character ch is produced when there is an object E with ch(E) = ch and an inclusion A ֒→ E in some A s0 such that
using the explicit formula for µ s,t it is proven in [ABCH13] that the walls are nested semicircles in the (s, t)-upper half plane with center on the real axis. Denote by W ch(A),ch(E) the wall corresponding to the inclusion A ֒→ E.
Lemma 2.9. [ABCH13, Lemma 6.3] Let E be a coherent sheaf on P 2 which is either a torsion sheaf supported in codimension 1 or a torsion-free sheaf (not necessarily Mumford-semistable) satisfying the Bogomolov inequality:
and suppose A → E is a map of coherent sheaves which is an inclusion of µ s0,t0 -semi-stable objects of A s0 of the same slope for some
Then A → E is an inclusion of µ s,t -semi-stable objects of A s of the same slope for every point (s, t) ∈ W .
The lemma above was used in [ABCH13] to provided specific bounds on the radius of the walls and via an identification of (s, t)-stability with quiver stability, it is shown that if E is a Mumford stable torsion-free sheaf of primitive chern vector ch(E) then there are finitely many isomorphism types of moduli spaces of (s, t)-stable objects with invariants ch(E) i.e., finitely many walls intersecting the (s, t)-slide. In the next section we will see that similar results are obtained for 1-dimensional sheaves.
We finish this section by recalling that for a primitive chern vector v the moduli space M H (v) of semistable torsion-free sheaves of type v is smooth and a Mori dream space (see [HL10] , or [BMW13] for a detailed explanation). It is shown in [ABCH13] that above the outermost wall M s,t (v) ∼ = M H (v) and by the argument given in [BMW13] that decreasing t corresponds to run a directed minimal model program for M H (v) so that the main component (the one whose generic element is a sheaf) of each M s,t (v) is a birational model.
Things are slightly different when studying the Gieseker moduli of 1-dimensional sheaves although most of the arguments are the same. By the work of Le Potier [LP93] we know that these moduli spaces are irreducible, locally factorial and their Picard group is free abelian of rank 2, moreover a specific set of generators is given, namely: the determinant line bundle and the line bundle giving the support map. It is not hard then to prove that the Gieseker moduli of 1-dimensional plane sheaves of fixed invariants is also a Mori dream space, an argument can be found in [Woo13] .
We notice that in general the Gieseker moduli of 1-dimensional plane sheaves is not smooth (although its singular locus has high codimension). We can fix this by making the following Definition 2.10. An object F ∈ A s of chern character ch(F ) = (0, ch 1 , ch 2 ) is said to be (s, t)-pseudo stable if for any inclusion A ֒→ F in A s one has
Remark. With this new terminology it is easy to see that on any chamber one has (s, t)-semistable = (s, t) pseudo-stable. Also for t >> 0 a sheaf is (s, t)-pseudostable if and only if it is Gieseker semistable and these are all the (s, t)-semistable objects (see proof of Corollary 3.3). Thus, Theorem 1.1 in [BMW13] holds for 1-dimensional plane sheaves, with no restrictions on the topological type, when replacing stable by pseudo-stable.
Duality
Let X be a smooth projective surface, D, H ∈ N um R (X) with H ample. Let σ D,tH = (Z D,tH , A DH ) be the stability condition of Theorem 2.7 and assume that projective coarse moduli spaces for σ D,tH and σ −D+K,tH are known to exist. For example, X can be
. This section is devoted to prove
is the chern character of an object in A DH of phase in (0, 1).
This result was proven by Maican [Mai10b] for moduli spaces of Gieseker semistable sheaves on P n supported on curves. The theorem above recovers Maican's for X = P 2 and t >> 0. The proof in this context is identical to Maican's original proof modulo the following Lemma 3.2. Let E be a σ D,tH -(semi)stable object in P(0, 1). Then (a) If E is stable then it is quasi-isomorphic to a two-term complex of vector bundles
is torsion-free with semistable factors of slope < DH.
(c) If A ∈ A DH is an object all of whose semistable factors belong to
will have a subobject of phase 1 destabilizing E. Assume that E is stable, to prove that E D ∈ A (−D+K)H note that for any coherent sheaf F with semistable factors of slope < DH (resp. > DH) we have
(which can be proven by taking a minimal free resolution for F ). Taking cohomology on the short exact sequence
we get the long exact sequence of sheaves
This implies that
Moreover, this proves that if A ∈ P(0, 1) is stable then A D is an element of A (−D+K)H . For arbitrary A ∈ P(0, 1), A is in the extension closure of some stable objects A 1 , . . . , A k ∈ A s of the same phase and so
By the same argument we get (c).
Assume for the moment that E is stable then there is no injective map 
in virtue of Schur's lemma.
This allows to conclude that E D is stable, indeed, if there is a destabilizing se-
we can choose B to be stable and by the argument above we know that all semistable factors of A have phase in (0, 1), then by dualizing this sequence we get a destabilizing sequence for E in A DH since
We conclude that E D is semistable for all semistable objects E of phase in (0, 1) just by dualizing the Jordan-Holder filtration of E.
For the last part let
corresponding to the family F D of the lemma. Since π D is constant on the fibers
which sends the closed point representing E to the closed point representing E D .
The symmetry of the situation and the fact that ( ) DD = Id prove that such morphism is an isomorphism.
Remark. In the special case when X = P 2 and v = (0, d, −3d/2) duality gives an automorphism ( )
, χ) denote the moduli space of Gieseker semistable sheaves of Euler-Poincare characteristic χ supported on a curve of class [C]. The functor
Proof. Take D = K/2 in the duality theorem. If r(E) = 0 and c
and therefore a sheaf of those invariants that is σ K/2,tH semistable is also Gieseker semistable. By [LQ11] we know that the values of t for which there is an inclusion of objects A ֒→ E with µ K/2,tH (A) = µ K/2,tH (E) is bounded above (this also follows by a result of Maciocia [Mac12, Theorem 3.11] when considering the family of stability conditions σ K/2+sH,tH ). If E is an object that is σ K/2,tH -semistable for all t >> 0 then E must be a sheaf since otherwise
If A → E is an inclusion in A KH/2 then A must be a sheaf and if it destabilizes E, it must be a sheaf of positive rank. But a simple computation shows that for t >> 0 one has
and so the inclusion A → E must produce a wall, since the walls are bounded above we conclude that above all walls E is σ K/2,tH -semistable. The coarse moduli spaces N ([C], χ) were constructed by C. Simpson [Sim94] via invariant theory, then the conclusion follows from the duality theorem.
Wall-crossing
The results in this section seem to be known to the experts but we decided to include here some proofs for the seek of completeness.
In [ABCH13] the authors describe what new objects become stable after crossing a wall. The idea is the following: assume that a wall for the family of stability conditions σ D,tH is produced by a destabilizing sequence
and assume furthermore that A and B are stable at the wall and E + is stable above the wall. Then the destabilizing sequence is a Jordan-Holder filtration for the semistable object E + at the wall. Crossing the wall will produce semistable objects that are S-equivalent to E + at the wall, i.e., the new objects must have A and B as stable factors and so they must be extensions of the form
But even more is true, such that every non-split extension
Proof. Let 0 < δ ≤ ǫ such that there are no walls for E between t 0 and t 0 + δ (this is possible because the walls are locally finite). It is enough to prove that there is no stable subobject E ′ ֒→ E destabilizing E. If there were such E ′ then at the
it would destabilize E. The map E ′ → B must be surjective otherwise it would be the zero map and therefore we would get an inclusion E ′ ֒→ A in which case µ(E ′ ) < µ(A) < µ(E) above the wall. Let K be its kernel, then there is an inclusion K ֒→ A, since the slopes of K and A are equal at W then either K = 0 in which case the sequence A → E → B splits or K = A and therefore E ′ = E.
Moreover, the more general result holds Proposition 4.2. Let E be an object in A DH which is strictly semistable for some t 0 > 0 and assume that E has a Jordan-Holder filtration at the wall determined by t 0 that becomes the Harder-Narasimhan filtration of E on one of the chambers determined by t 0 , then E is stable (or pseudo-stable when r(E) = 0) on the other chamber.
Proof. Let us assume that the length of a Jordan-Holder filtration for E (and so of any) is 2, and that E fits into a diagram that there is a destabilizing sequence 0 → S 1 → E → S 2 → 0 for some t. If S 2 is stable at the wall then a simple comparison of the slopes shows that it can not destabilize E above the wall. Thus we can assume that S 2 is strictly semistable at the wall, then there is a commutative diagram
for any stable quotient S ′ 2 of S 2 at the wall. Since B is stable above the wall and S ′ 2 is a stable factor of both E and B at the wall then S ′ 2 = B 2 . Let K be the kernel of the map S 2 → S ′ 2 = B ′′ , since the length of any Jordan-Holder filtration for E is two, we must have S 1 stable at the wall. The conclusion follows by considering the surjection E → B ′′ instead of E → B.
We proceed by induction on the length of a Jordan-Holder filtration for E. The argument given above is exactly how the proof goes in general. Assume that E fits into a diagram
where A and B 1 are stable at the wall, and moreover we can assume that B has a Jordan-Holder filtration 0
for all i and for any t sufficiently near and above the wall determined by t 0 . As before for any destabilizing sequence 0 → S 1 → E → S 2 → 0 above the wall we get a diagram
is a stable factor of B, but since B is stable above the wall by induction then S ′ 2 = B 1 . Consider the diagram
The map A 1 → S ′ 2 must be the zero map since otherwise S ′ 2 would be a stable factor of A 1 , but the stable factors of A 1 are A and B 1 . Since the hypothesis on the Jordan-Holder filtration for B/B 1 are also satisfied then B/B 1 is stable above the wall and therefore S ′ 2 = B 2 /B 1 . Since there are only finitely many stable factors we will end up with a diagram
denotes the number of Jordan-Holder factors then we have
and therefore ℓ(S 1 ) + ℓ(T ) = 1 which is only possible if T = 0 and S 1 is stable. The rest of the argument is exactly as in the case where ℓ(E) = 3 discussed above. 
can not be stable for any t 0 < t < t 0 + δ. The image of every nonzero element corresponds to a non split extension which is stable by Proposition 4.2. Such extensions admit an injective morphism B ′ ֒→ E that can be visualized in the diagram 0 
For the following Corollary assume that there is a small open interval J ⊂ (0, +∞) such that the family stability conditions {σ D,tH } t∈J have coarse moduli spaces.
Corollary 4.4 (Set-theoretic wall-crossing). Let 0 → A → E → B → 0 be an exact sequence in A DH producing a wall W := W ch(A),ch(E) at t 0 ∈ J. Then (a) There exists δ > 0 such that A and B and so E are µ D,tH -stable (or pseudostable when r(E) = 0) for all t 0 < t < t 0 + δ, and the Bridgeland moduli spaces for the invariants ch(A) and ch(B) are constant for all such t. 
by extensions
where M D,t − H (ch(B)) and M D,t − H (ch(A)) denote the Bridgeland moduli spaces below and sufficiently near W .
Proof. By induction on the number of stable factors at the wall and by Proposition 4.3 we have that semistable objects at the wall satisfy the hypothesis of Proposition 4.2.
Bridgeland walls for 1-dimensional plane sheaves
As mentioned in the preliminaries, moduli spaces of Gieseker semistable plane sheaves of Hilbert polynomial P (t) = ct + χ were initially studied by J. Le Potier in [LP93] where it is shown that these moduli spaces are projective, irreducible, locally factorial and smooth at the stable points. For small values of c it is possible to find nice stratifications of these moduli spaces by studying their resolutions, see [DM11] for c = 4 and [Mai10a] and [Mai12] for c = 5 and 6. Studying a sheaf by studying its possible resolutions is same as replacing such sheaf for an equivalent element in the derived category, indeed each strata in the stratifications given by Drezet and Maican in [DM11] and by Maican in [Mai10a] and [Mai12] can be interpreted as a set of extensions in a tilted category [BMW13] .
But the story goes on, as in [BMW13] , each set of extensions produces a Bridgeland wall and these are all the walls for the directed MMP. The following numerical bound coming from Lemma 2.9 produces some of these sets of extensions for arbitrary value of c even when Maican-type stratifications are unknown.
Let E be a sheaf of topological type (0, c, d) with c > 0 and let F be a destabilizing object (which is necessarily a sheaf) then E and F fit into an exact sequence
By Lemma 2.9 we must have K ∈ F s and F ∈ Q s for all s along the wall. If ch(F ) = (r ′ , c ′ , d ′ ) then in our case where the wall is a semicircle with center (d/c, 0) and radius R this says
Since r(K) = r ′ and ch 1 (K) − c ′ + c ≥ 0 then combining the inequalities above we In particular O(−1) ∈ A −3/2 produces a wall contracting an open set. The corresponding wall W C has center (−3/2, 0) and radius
The complement of such open set is the theta divisor ( [LP93] ) and is the set of semistable sheaves that have at least one section, i.e., those that have O as a subobject. The corresponding wall W Θ has radius R = 3 2 . Crossing W Θ corresponds to a divisorial contraction and since M H (v) has Picard number 2 then there are no walls between W C and W Θ . This improves our bound for the walls corresponding to flips:
Proposition 5.1. Let A be a coherent sheaf of rank r > 0 and Euler characteristic χ and let E be a coherent sheaf with ch(E) = (0, d, − 3 2 d). A morphism of sheaves A → E which is an inclusion of objects in the category A −3/2 produces a wall corresponding to a flip if and only if
It is useful to know whether the new objects we get after crossing a wall are stable or pseudo-stable, we can answer this in a very special case:
Proposition 5.2. Let v = (0, d, −3d/2) and assume that E ∈ A −3/2 is an object with ch(E) = v that has a Jordan-Holder filtration of length 1 at a wall W . Then E is stable on one of the chambers determined by W .
Proof. Assume that the Jordan-Holder filtration for E at W is 0 → A → E → B → 0 and that µ −3/2,t (A) > µ −3/2,t (B) above W , then E is pseudo-stable below W by Proposition 4.1. Assume that E is not stable then there should be a subobject
Note that in this case d −3/2,t (K) = d −3/2,t (A) and r −3/2,t (K) = r −3/2,t (A) − st. But A is stable at W and so it is stable for t sufficiently near W therefore
for t above and below W . This implies that sd −3/2,t (A) < 0 above and below W and so s = 0. Thus E is stable.
5.1. Rank one walls. Setting r = 1 in (5.3) one finds the set of admissible values for the Euler characteristic of a destabilizing object producing a wall corresponding to a flip:
The possible values for the first Chern class come from solving the inequality (5.1). The first Chern class c of a rank 1 destabilizing object with Euler characteristic χ =
It is easy to check that c = d − 3 2 is always a solution. These are the invariants of a twisted ideal sheaf of a zero-subscheme Z of length ℓ. Moreover, since for generic Notice that the exceptional loci for a rank 1 flip is not irreducible in general. Indeed, the inequality (5.4) has unique solution only when ℓ < d − 1 2 . However, setting Proof. First part is a trivial computation. For the second one only has to notice that a generic destabilizing sequence is of the form
which is again a trivial computation of the invariants.
6. The embedded problem: flips of secant varieties.
In [Ver01] and [Ver02] P. Vermeire describes a sequence of flips for the secant varieties of an embedding X ֒→ P N of an algebraic surface. This sequence of flips is constructed in similar fashion to the flips obtained by Thaddeus [Tha94] when studying variation of GIT for moduli spaces of stable pairs on curves. The first of these flips is easy to describe and it is the content of [Ver01, 4.13]. Roughly speaking, if the embedding of X is sufficiently ample such that it can be generated by quadrics with only linear syzygies then there is a flip diagram
s is the rational map given by the forms defining X andM is the blow-up of bl X (P N ) along the strict transform of the secant variety SecX. The diagram restricts to
where P(E) ∼ = SecX and F = ϕ
We will see that in the case X = P 2 such flips appear naturally when running the MMP for the Gieseker moduli
Consider the exceptional loci for the first flip of 
There is a natural P 2 embedded in E − 0 by the complete linear series |O(d−3)|. This Veronese surface can be described in terms of extensions, it is the set of complexes G
• fitting into a commutative diagram (6.1)
t t t t t t t t t t
is the image under the pullback homomorphism
But we know that Ext
• p is also the image under the push-forward map
Applying the functor ( ) D to the pullback diagram above gives us the push-forward Proof. From the discussion above we know that G
D and so the duality automorphism which restricts to an automorphism ( )
must be the identity.
From now on we denote by X the (d − 3)-uple embedding of P 2 inside E − 0 . The exceptional loci for the second flip are
Since the Bridgeland moduli for the Hilbert scheme of 1 point is constant (equal to P 2 ) then the description of E Proof. For part (a) one only needs to verify that ext
) are constant, the rest of the argument follows as in [AB13, Proposition 4.2]. We have
Note that we can use ordinary tensor instead of derived tensor, this is because ideal sheaves have a two-term resolution by locally free sheaves. For p = q there is no problem. For p = q one gets constant dimension because
which follows for example by Bertram-Ein-Lazarsfeld vanishing:
Theorem 6.3 (Bertram-Ein-Lazarsfeld, [BEL91] ). Assume that X ⊂ P r is (schemetheoretically) cut out by hypersurfaces of degrees
where e = codim(X, P r ).
For part (b) diagram (6.1) already shows that X ⊂ E 
completing the proof of part (c).
Lemma 6.4. The fiber product M
Proof. A proof of this statement was already given in [BMW13] for the case d = 5, it generalizes for all d (odd) without change. One notices the following vanishing
for every p, q ∈ P 2 and F ∈ E + 1 . The first is obvious when p = q, for p = q one uses Serre duality and Bertram-Ein-Lazarsfeld vanishing. The last two are obtained by using Serre duality and the fact that E is Bridgeland stable. This allows us to get diagrams
where ker f fits into an exact sequence
Thus ker f can be identified with the tangent space of E + 1 at the point [F ] and we get an exact sequence
and therefore an exact sequence of sheaves
Similarly one gets
This proves that we have a fiber square
which completes the proof.
We now study the third flip for d ≥ 7 odd. Since d ≥ 7 then ideal sheaves of length two zero-subschemes are Bridgeland stable at the wall and since 2 < d−1 2 then there is unique solution for the inequality 5.4 and so the exceptional loci are:
Again, Bertram-Ein-Lazarsfeld vanishing exposes E + 2 and E − 2 as projective bundles over Hilb
Our plan is to study the restriction of the directed MMP for M (0, d, −3d/2) to E Proof. The computation is very similar to the one we did when computing E + 1 ∩E − 0 . Let Z = p + q where p, q ∈ P 2 and p = q. We have a pullback diagram (6.2)
t t t t t t t t t t t
The difference here is that ext 1 (C Z This completes Vermeire's first flip since by restricting the fiber diagram of Lemma 6.6 one gets 6.1. The divisorial contraction. We want to study what happens to our restricted MMP when crossing the wall W Θ corresponding to the theta divisor (i.e., the closure of the set of those sheaves that admit at least one nonzero section). The theta divisor is fixed by the duality automorphism and therefore it corresponds to extensions of the form
t t t t t t t t t t
where N is an element in the corresponding model N of Hilb
Remark. One can originally think of the dual extensions but this version allows us to compute the intersection with the first flipped locus more effectively.
The intersection of the divisor Θ with E − 0 corresponds to the extensions F fitting into the push-forward diagrams
the secant variety of the Veronese surface in P 5 .
Notice that this is intersection is not exactly what gets contracted when crossing W Θ since after several flips we may have replaced some of these objects by new ones. What we know is that the object G above must have O as a subobject and therefore crossing W Θ must introduce objects E fitting into an exact sequence
). Thus these new objects E are all strictly semistable, in fact pseudo-stable. Further analysis tell us that if G is a sheaf then it must fit into an exact sequence
Semistability of G at W Θ says that if G is a complex then at least it has to fit into an exact sequence of the form
where A is a semistable object of invariants ch(A) = 0, where dim W = d. The moduli space at W C is just a point and below W C is empty, which proves our assertion that W C was the collapsing wall.
In order to understand what is going to be the last birational model of E 
